Abstract: This article presents a proposal of the method of monitoring complex multidimensional processes. The problem relates to monitoring the quality of production with some attribute variables when the production is performed by some operators. To describe the quality status we used the matrix in which elements are the numbers of defective units.
INTRODUCTION AND BASIC NOTATIONS
The control charts were introduced in 1924 (Montgomery, 2009) . These charts are a graphical representation of the sequence of statistical tests. Univariate control charts are used to monitor a single process characteristic. There are some multivariate control charts which could be used to monitor multiple process characteristics. Santos-Fernández (2012, p. 17) describes the following control charts for monitoring multivariate processes:
-the control ellipsoid or chi-square control chart, -the T 2 or Hotelling chart, -the Multivariate Exponentially Weighted Moving Average (MEWMA) chart, -the Multivariate Cumulative Sum (MCUSUM) chart, -the chart based on Principal Components Analysis (PCA). All the mentioned above control charts are used to monitor product characteristics that are variables. The proposal presented in this paper deals with monitoring multidimensional attribute data.The presented solution can be used in a variety of real cases for monitoring complex multivariate processes such as: -conformity assessment of products with requirements due to the k characteristics for m positions, -conformity assessment of products with requirements due to the k characteristics for m employees, -conformity assessment of the product due to k characteristics for the different products of the same type (eg. different product types)
Let us assume that the product is performed by m employees and is described by k attribute characteristics. Let us assume that the observations of the monitored process could be written as a sequence of matrices X 1 , X 2 , …, X n where X t (t = 1, 2, …, n) is the matrix containing the elements n tij where n tij is the number of discrepancies in time t for the j-th characteristic (j = 1, 2, …, k) and for i-th (i = 1, 2, …, m) place, position or operator. For example n tij -is a number of j-th (j = 1, 2, …,k) type of defects for i-th (i = 1, 2, …, m) person in t-th sample, where k is the number of types of defects and m is the number of operators.
Let us assume that for the time t = 1, 2, …, n the process was stable and "in-control". There are given matrices X 1 , X 2 , …, X n with data from this process. Let N t = [N t1 , N t2 , …, N tm ] be a vector of numbers of controlled parts by places (positions or operators). Then, based on the data from matrix X t (see Table 1 ) let Therefore, the process at time t can be described by the matrix Y t . Based on the data obtained from the stable process which is described by matrices Y 1 , Y 2 , …, Y n it should be assessed whether the analyzed process is "out-of-order".
When considering information of the total number of nonconformities in a given unit of time t (sum of all observations in the matrix X t ) the classical control chart c could be used.This method allows to observe the total number of nonconformities in the unit or the set of the products (Kończak 2007) . The total number of nonconformities can be determined by the following formula:
The use of the control chart c will not track changes in the structure of discrepancies but only their total number.The proposed method refers to the permutation test and avoids the inconvenience. A permutation test will be applied to evaluate the stability of the process By a permutation test the form of the test statistics should be determined. The test statistic will be defined as a function of the distance between the matrix which represents the stable process, and the matrix from the monitored process.
PERMUTATION TESTS -THE IDEA AND DISTANCE APPROACH
Permutation tests were introduced by R.A. Fisher and E.J.G. Pitman in 1930's (see Berry at al. 2014) . In permutation tests the observed value of the test statistic is compared with the empirical distribution of this statistics under the null hypothesis. Lehmann (2009) shows that permutation tests are generally asymptotically as good as the best parametric ones. The concept of permutation tests is simpler than the concept of tests based on normal distribution. The main application of these tests is a two-sample problem (Efron, Tibshirani1993 The ASL (Achieved Significance Level) has the following form:
The ASL is unknown and could be estimated by the following formula
This notation applies, where the H 0 rejection area is right-sided. In the case of the left-sided rejection area in the above notation inequality should be changed. If the value of ASL is lower than the assumed level of significance , then H 0 will be rejected.
A typical problem considered with permutation test is comparing two populations (Kończak 2012) . Let S 1 and S 2 be two samples of the sizes n 1 and n 2 . These hypotheses have the following forms:
A typical test statistic for comparing means in two populations has the following form:
The high values or the small (negative) values are against the hypothesis H 0 .The T statistic deals with univariate variable. It is not possible to use the test statistic (4) for the multivariate comparison. Therefore, the distance approach will be applied. Mielke and Berry (2007) considered a completely different approach than the described above in determining the form of the test statistics. In this approach the distance between the elements in different groups is considered. For all the possible divisions of the data set should be calculated the sum of distances for all pairs of elements in each group, and then the weighted sum of the distance with weights n 1 and n 2 is determined. In this approach, the aim is to obtain the most homogeneous groups.
The distance between the element r and s will be denoted by  rs , which for the case of one-dimensional data may be written as follows:
Then the average distance between all possible pairs of objects should be calculated separately in each group: 1  and .
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 The last step is calculating a weighted average of both distances:
The function (6) will be taken as the test statistic for the permutation test. As the purpose is to obtain the two most homogeneous clusters, small value of this statistics will be against the hypothesis H 0 . In this case the rejection area is left sided.
The distance  rs between observations x r and x s may be defined in a completely different way from the above. This approach is particularly interesting, if verified hypothesis refers to the comparison of multidimensional population distributions. This measure the distance between the points x = (x 1 , x 2 , …, x n ) and y = (y 1 , y 2 , …, y n ) in R n space we can use a variety of distance functions such as (see Kuratowski, 1980 , p. 103, Walesiak, 2011 :
The list of other potential distance functions can be find in Deza, Deza (2013) .
THE TEST PROCEDURE -MONTE CARLO STUDY
Let us assume that the matrices Y 1 , Y 2 , …, Y n are determined on the basis of observations from the "in-control" process. In the performed computer simulations it was assumed n = 5. For the next two periods a number of nonconformities was generated and on that basis matrices Y n + 1 and Y n + 2 were obtained. The hypothesis H 0 says that the process for monitored periods was "incontrol" (the probabilities of discrepancies in the structure of the matrix Y t for t > n was the same as in matrix for periods from 1 to n).The hypothesis H 1 says that the matrices Y t (t > n) represent the "out-of-order" process.
The aim of the simulations was to describe the characteristics of the proposed method of monitoring multivariate processes with attribute data. In the Monte Carlo study, the quality of elements was assessed at m positions (in the simulations it was assumed that the number of stations m = 6). Each component was assessed of the k characteristics (in the simulations it was assumed k = 5) and assessed conformity with the assumptions for all products.The vector of probabilities of occurrence of nonconformities on the i-th position will be denoted by i p (i = 1, 2, ..., m). For each position samples of the size N i were taken. For the stable process probability of occurrence of the j-th defect on the i-th position was denoted as p ij . According to the description, we generated matrices with the number of nonconformities for the j-th characteristics.
In computer simulations the probabilities of occurrence of the "out-of-order" signal for non-stable processes were estimated. The parameters which are used in the simulations are presented in Table 2 . In the simulation analysis the characteristics of the proposed method and the results which were obtained by applying the control chart c were compared. An example of the matrix X which represents the number of j-th nonconformities on the i-th position is as follows: In the simulation analysis the probability of occurrence of an "out-of-order" signal by using a permutation test and control chart c was assessed. For this purpose n = 5 matrices from "in-order" process were generated, and then the two tables with the same distribution (for the assessment of the probability of occurrence of a signal for the regular process) or from the distributions of the higher probability of nonconformities (for assessment of the probability of occurrence a signal for the deregulated process) and a permutation test was carried out on the basis of the test statistic by the formula (6).
The following variants were considered in the Monte Carlo study: 0) without changing parameters (the "in-order" process) a) a double increase in the probabilities of occurrence of defect C type at position no. 2. b) 50% increase in probability of occurrence of all type of nonconformities at position no. 3. c) 20% increase in probability of occurrence of nonconformities type A at every position.
d) 20% increase in probabilities of the occurrence of all nonconformities at position no 3 with reducing the probability of the occurrence nonconformities by 20% at position no 4. e) 50% increase in probabilities of the occurrence of all nonconformities at position no 3 with reducing the probability of occurrence of nonconformities by 50% at position no 4.
The first case enables us to estimate the size of the permutation test (see Domański et al., p. 17, 2014) . It was assumed that the level of significance  = 0,05. The permutation test procedure that was used for testing the hypothesis has the following steps:
1. The matrices X 1 , X 2 , …, X n from stable process (see Table 2 ) were generated. 4. The matrices Y n and Y n + 1 were generated.
5. The values  1 (mean distance of matrices from stable process) and  2 (the distance between of matrices from monitored process) were calculated.
6. The value  0 of the test statistics  for the sample data was calculated.
7. The matrices Y 1 , Y 2 , …, Y n , Y n + 1 , Y n + 2 were permuted N = 1000 times and the values of the statistics  were obtained. 8. On the basis of empirical distribution of the test statistic , the ASL value is obtained. If ASL<, then H 0 is rejected, otherwise H 0 hypothesis cannot be rejected.
To estimate the probabilities in each case there were performed 1000 repetitions of the simulation. The results of the assessment of the probability of the "out-of-order" signal occurrence for three considered distance functions and control chart c are shown in Table 3 . The results of the simulation study are presented in Table 3 and also in Figure 1 . When the process is stable the results from simulations for all the considered methods were similar. A little too often we have got a signal about deregulation of process with using the statistics based on Manhattan and Chebyshev distance formula.
In the analyzed cases of the deregulated processes much more effective than the control chart c was the use of the proposed method based on permutation test with statistic based on Euclidean or Chebyshev distance formula. The best results were obtained using a Chebyshev distance formula. The use of this form of statistics allows for a fast detection of deterioration even at a single position. and with using control chart c Source: own elaboration based on Table 3 .
CONCLUDING REMARKS
This article presents a proposal of the method of monitoring complex multidimensional processes with the attribute characteristics.In order to compare multivariate processes the permutation tests with statistics based on distances between matrices was used. The efficiency of detection deregulation of the process for the proposed method and the control chart c were compared in Monte Carlo study. For control chart c the total number of nonconformities was determined.The proposed method can be used by managers who are interested in multipack results of process monitoring.When the deregulation of the process is detected it is necessary to carry out the decomposition of the "out-of-order" signal to identify the variable which was the cause of deregulation of the process.
